In this paper, the responses of shape memory polymer (SMP) helical springs under axial force are studied both analytically and numerically. In the analytical solution, we first derive the response of a cylindrical tube under torsional loadings. This solution can be used for helical springs in which both the curvature and pitch effects are negligible. This is the case for helical springs with large ratios of the mean coil radius to the cross sectional radius (spring index) and also small pitch angles. Making use of this solution simplifies the analysis of the helical springs to that of the torsion of a straight bar with circular cross section. The 3D phenomenological constitutive model recently proposed for SMPs is also reduced to the 1D shear case. Thus, an analytical solution for the torsional response of SMP tubes in a full cycle of stress-free strain recovery is derived. In addition, the curvature effect is added to the formulation and the SMP helical spring is analyzed using the exact solution presented for torsion of curved SMP tubes. In this modified solution, the effect of the direct shear force is also considered. In the numerical analysis, the 3D constitutive equations are implemented in a finite element program and a full cycle of stress-free strain recovery of an SMP (extension or compression) helical spring is simulated. Analytical and numerical results are compared and it is shown that the analytical solution gives accurate stress distributions in the cross section of the helical SMP spring besides the global load-deflection response. Some case studies are presented to show the validity of the presented analytical method.
Introduction
Since the first observation of the shape memory effect in some polymers, research on shape memory polymers (SMPs), known as a class of smart materials, has been an active field [1] [2] [3] . SMPs have been researched, developed, and utilized in a wide range of applications such as advanced technologies in aerospace, medical and oil exploration industries. Compared to other smart materials such as shape memory alloys, SMPs have the ability of large elastic deformation, low energy consumption for shape programming, potential biocompatibility, low cost, low density, biodegradability and excellent manufacturability. Moreover, they have a promising future for application in sensors, actuators and smart devices [4] [5] [6] [7] [8] .
The energy absorbing springs used in seal and backup rings for the oil and gas industry were historically made from ferrous metals. Over time, metals not only corrode but also score the backup ring shaft as the seal wears away. Therefore, polymeric materials are a class of potential substitutes for metallic components. Among different polymeric materials, SMPs are a potential candidate for substituting metallic materials. SMPs are capable of memorizing a permanent shape and recovering their initial shape. This property is useful and desirable for the design of springs in a wide range of applications.
The necessity of obtaining an accurate analytical and numerical solution for SMP devices, besides their new emerging applications, motivated the authors to seek analytical and numerical solutions for SMP springs. Although analytical and numerical modeling of cylindrical tubes and springs made of shape memory alloys have been presented in the literature [9] [10] [11] [12] , there are no relevant publications for SMPs to the knowledge of the authors.
In this paper, we make use of the 3D constitutive model presented in [13, 14] and propose analytical solutions for SMP cylindrical tubes in a stress-free strain recovery process. Also, we extend the proposed method to the analysis of helical springs. In fact, helical springs can be considered as long bars with circular cross sections. It is shown that for springs in which the spring index (the ratio of mean coil radius to cross section radius) is large compared to the helix angle, this assumption yields reasonably accurate results [15] . A detailed discussion on the accuracy of this assumption is presented in [16] [17] [18] . Considering the curvature and pitch effects, these papers reported the required modifications and arrived at a more precise solution for elastic helical springs. Furthermore, to arrive at a more accurate stress analysis and to cover a more extensive range of spring applications, the curvature correction is incorporated into the analytical solution and a curved bar torsion model is presented. In addition to the analytical solutions we also develop a 3D finite element solution, to have a numerical tool for comparing the results of the analytical solution with. Moreover, we show that the solution time in the analytical method is much less than the computational time for the finite element simulations. Therefore, the analytical solution can be used either for parametric study (material or geometrical parameters) of the spring behavior or for design and optimization which involve a large number of simulations where computational cost is a crucial variable. This paper is organized as follows. In section 2, the 3D constitutive equation that is used for modeling of SMP springs is briefly reviewed. In section 3, the 3D constitutive relations are reduced to a 1D constitutive equation for the cases in which only the shear strain and stress exist. In the case of SMP cylindrical tubes, we make use of the constitutive equations reduced to the 1D regime and solve the torsion of cylindrical tubes analytically in section 4. In section 5, an analytical method based on the exact solution for helical springs is presented. Details of finite element simulations are given in section 6. In section 7, some case studies are reported for cylindrical tubes and helical (extension and compression) springs. In addition, a comparison is made between the proposed analytical solution and finite element simulations. Finally, we present a summary and draw conclusions in section 8.
A 3D constitutive model for SMPs
In this section, a typical cycle of an SMP under thermomechanical loadings is firstly described. Then the 3D constitutive model for SMPs presented in [13, 14] is briefly reviewed.
From a macroscopic point of view, the shape memory effect can be characterized in a stress-strain-temperature diagram as illustrated in figure 1 . The thermomechanical cycle starts at a strain-and stress-free state while temperature is Figure 1 . Stress-strain-temperature diagram illustrating the thermomechanical behavior of a pre-tensioned shape memory polymer under different strain or stress recovery conditions. high, T h (point a , permanent shape). At this point, a purely mechanical loading is applied to the SMP and the material demonstrates a rubbery behavior up to point b . At point b , the strain is held fixed (external loading) and the temperature is decreased until the rubber-like polymer turns into a glassy polymer at a low temperature T l (point c , fixed shape). In fact, in the neighborhood of the transition temperature T g , SMP exhibits a combination of the rubbery and glassy behaviors. At this step, the material is unloaded. Due to the much higher stiffness of the glassy phase in comparison to the rubbery phase, after unloading, the strains change slightly (point d ). Finally, we increase the temperature up to T h . It is seen that the strain will relax and the original permanent shape is recovered (point a ). This cycle is called a stress-free strain recovery in SMP applications. In practice, other types of recovery may occur. If at point d the strain is fixed and the temperature is increased, fixed-strain stress recovery (point e ) occurs. Such a recovery has been illustrated in figure 1 with a dotted line.
We now use an equivalent representative volume element (RVE) of the material composed of a glassy and a rubbery phase (figure 2) to derive the 3D SMP constitutive equations [13, 14] . Assuming small strains, we use the mixture rule in the RVE and decompose the total strain additively as
where ε r and ε G stand for the elastic strain in the rubbery phase and the strain in the glassy phase, respectively, while ε T denotes the thermal strain and is defined by α T (T − T h ), where α T is the thermal expansion coefficient. Also, ξ r and ξ g are the volume fractions of the rubbery and glassy phases, respectively, with constraint ξ r + ξ g = 1. It is assumed that ξ r and ξ g are only functions of temperature. Evolution equations should be defined for the internal variables ξ g and ε is , considering the framework of continuum thermodynamics. We now consider the phase transformation (rubbery to glassy and vice versa) in the RVE. Assuming temperature decreasing, the strain in the newly generated glassy phase, which has already been in the rubbery phase, has experienced ε r in the previous time step. Thus, ξ g ε G could be defined as
where V g and V are the volumes of the glassy phase and the whole RVE, respectively. In (2), the strain in the glassy phase is divided into two parts: the elastic strain in the old glassy phase ε g , and the strain in the newly generated glassy phasē ε g . We call the term ξ gε g the stored strain and denote it by ε is . We now recast (2) as
where ξ g0 is the initial value of the glassy phase volume fraction at the onset of the cooling process. Consequently, in the cooling process ε is is defined as
In contrast to the cooling process, in the heating process the stored strain in the glassy phase should be relaxed. This is mathematically shown as
We may write (5) in a more compact form as
where ξ g1 is the value of the glassy phase volume fraction at the onset of the heating process. As a result, during the heating process ε is is defined as
It is noted that the strain storage/release occurs only in the glassy phase. However, by definition, ε is is assigned to the whole RVE. As a result, a division by ξ g appears in the integrals of equations (5) and (6) . From (4) and (7) it is concluded that the ε is is a fully thermal-driven variable. Moreover, the decomposition (1) may be rewritten as
For simplicity, a prescribed evolution equation is employed for ξ g . This equation is derived using the unconstrained strain recovery of the material as a function of temperature. We now express the convex free-energy density function for the SMP. Based on the rule of mixture, we make use of the following energy function:
where r and g denote the Helmholtz free-energy density functions of the rubbery and glassy phases, respectively. Also, T represents the thermal energy and λ enforces the kinematic constraint (8) in the following form:
where λ is the (tensorial) Lagrange multiplier. We now apply the second law of thermodynamics in the sense of the Clausius-Duhem inequality to derive constraints on the evolution equation as [19] 
where η represents the entropy. Substituting (9) into (11) we obtain the following inequality:
where ξ g denotes the differential of ξ g with respect to temperature. Moreover, combination of (4) and (7) leads to an evolution equation in the rate form aṡ
Inequality (12) must be fulfilled for arbitrary thermodynamic processes, i.e. for arbitraryε,ε r ,ε g ,λ andṪ. For arbitrary choices of the variables [20] , we may arrive at
Equations (14a) and (14b) are consequences of the basic assumption of simultaneous existence of the rubbery and glassy phases, together with satisfying the second law of thermodynamics. Employing the rule of mixture, we define the Helmholtz free-energy density function which requires the stresses in both phases to be the same. In the following, we use quadratic forms for the free-energy density functions as
where K r and K g are fourth-order positive definite elasticity tensors of the isotropic rubbery and glassy phases, respectively.
Reduction of the constitutive equations for torsion
The 3D constitutive equations derived in section 2 can be reduced to 1D constitutive equations for the cases in which only the shear strain and stress exist. The stress, strain and stored strain tensors have the following forms:
where τ θ z , γ θz and γ is θ z are the shear stress, engineering shear strain and engineering stored shear strain, respectively. Substituting (16) into (14a), (14b) and (13) we obtain
where G r and G g are the elastic shear moduli of the rubbery and glassy phases, respectively. In the following, we employ the constitutive equations (17) for the specific cases of cylindrical tubes and helical springs.
Analytical solution for torsion of an SMP prismatic bar of circular cross section
In the case of an SMP prismatic bar of circular cross section, we use the constitutive equations reduced to the 1D regime, (17) . Moreover, the shear strain and twisting moment are calculated with the following relations:
where the inner and outer radii of the tube are represented by R i and R o , respectively. The length of the bar is denoted by L. M t is the torsional moment along the tube axis, while θ denotes the twist angle of the tube. For the sake of simplicity, in the following we drop the subscript θ z in the formulation and also denote ξ g by ξ . We now solve the set of equations (17) in a stress-free strain recovery cycle through path a -b -c -d -a shown in figure 1 . During loading at T = T h (path a -b ), we apply the twist angle θ until θ = θ max . As the structure is in the pure rubbery phase, no shape memory effect or strain storage occur. Thus, we have the elastic solution with the rubbery phase material parameters. The temperature will then be decreased to T = T l (path b -c ). During this part of the cycle, the twist angle θ is held fixed (θ = θ max ). To solve equations (17) together with (18a) during cooling (k 1 = 1, k 2 = 0), we take the derivative of (17b) which yieldṡ
Now substituting γ g and γ r from (17a) and γ is from (17c) into (19) one may obtaiṅ
We now unload the structure and the torsional moment along the tube axis (z-axis) drops to zero. In the next step, we increase the temperature up to T = T h (M t = 0). During heating (path d -a , k 1 = 0, k 2 = 1) the stored strain γ is is obtained independent of stress when (17c) is solved. Knowing M t = 0 and substituting γ is from (17c) as well as γ r and γ from (17a) into (17b), the shear stress τ , shear strain γ , and twist angle θ , are obtained. The exact solution for the torsion of an SMP tube in a stress-free strain recovery cycle is finally summarized as follows: Twist angle:
Shear strain storage:
Shear stress:
Twisting moment:
The parameter k 0 is employed to represent the response of the material at T h during the loading step where strain storage/release does not occur. In such a case the material behaves as an elastic rubbery material. In other steps of the cycle k 0 vanishes.
Analytical solution of SMP helical springs
In this section, we present an analytical solution for SMP helical springs under axial loads in a stress-free strain recovery cycle (path a -b -c -d -a as shown in figure 1 ). For helical springs with a large spring index (defined as m = R m /R, where R m is the mean coil radius and R is the cross section radius) and a small helix angle, both the curvature and pitch effects can be neglected without losing much accuracy [12] . In this case, the torsion analysis of a straight bar as performed in section 4 can be used for helical spring analysis. In most practical springs, the pitch angle is smaller than 15 • , but the spring index varies in an extensive range. To cover the whole spring index domain, a curvature correction (or equivalently eccentricity existence) is added to the formulation used for studying the torsion of a straight bar and a more realistic solution is derived for analysis of SMP helical springs with smaller spring indices [16] [17] [18] .
Due to the curvature effect, the shear stress distribution in the cross section is not axisymmetric anymore. To give a more accurate solution, we consider the curvature effect and develop an exact solution via curvature correction. The solution could then be applied to SMP helical springs with large spring indices but small pitch angles. This solution is applicable to almost all practical helical springs.
In the case of helical springs, the reduced form of the constitutive equations introduced in section 3 can be used. We first consider an element of the curved bar as depicted in figure 3 . Employing a moment along the normal to the faces of the element will result in a rotation of dβ. This angle leads to a non-axisymmetric shear strain distribution in the cross section of the spring. In fact, the material points close to the spring axis, like point q, bear more shear stress than material points far from the axis such as point q . If we assume that the center of rotation of the cross section is coincident with the center of the cross section, the equilibrium equation in the direction of the spring axis cannot be satisfied. Thus, there will essentially be a moment in the cross section. To avoid this problem, it is assumed that there is an eccentricity e along the axiswhere the center of rotation passes through. Selection of the point e along the axisis due to symmetry conditions. In other words, by this constraint, the equilibrium equation in the X direction will be satisfied automatically. The method used for determination of this eccentricity is described in the following.
We now introduce three coordinate systems: Cartesian coordinate systems XY and xy as well as a polar coordinate system rθ as illustrated in figure 3 . In the coordinate system xy, when the element faces rotate by dβ with respect to each other, the relative movement of dS is r dβ where r is x 2 + y 2 . Considering the initial length of this fiber to be (R m − e − x) dα, the shear strain at dS reads as
It should be emphasized that the shear stress and strain are normal to the line connecting each material point to the center of coordinate system xy as shown in figure 3 . As already mentioned, the difference between the current formulation and the straight bar theory comes from the correction made on the distribution of strain in the cross section of a helical spring. We now introduce some parameters which are involved in modeling of helical springs. The total length of the spring is L = 2π NR m , where N is the number of coils. Moreover, the twist angle per curvature angle is calculated by
where δ represents the displacement at the free end of the spring (the other end is fixed). Equilibrium for the forces generated by the axial component of the shear stress and the external axial force is expressed by
In addition, moment equilibrium along the normal to the cross section reads as
In order to calculate integrals over the cross section, we transform the equations to the polar coordinate system. Thus, we use the following relations:
r (r, ψ, e) = r 2 + e 2 − 2re cos(θ ).
We remark that the formulation derived so far is applicable to any material behavior. We now focus on applying relations (25)-(29) accompanied with the SMP constitutive equations (17) . Similarly to the cylindrical tube studied in section 4, we study the response of a helical spring in a stress-free strain recovery cycle through path a -b -c -d -a as depicted in figure 1 . During loading at T = T h (path a -b ), we apply the twist angle θ until θ = θ max . Similarly to the cylindrical tube, the spring is in the pure rubbery phase and would not experience any strain storage. We thus have the elastic solution with rubbery phase material parameters. To find the eccentricity e, and force F m , we should solve (27) and (28). Considering relations (29), the integrals (27) and (28) over the cross section S are calculated. As these integrals cannot be integrated analytically, we employ a numerical method such as Simpson's rule. Therefore, we use a trial and error method to obtain the eccentricity e and force F m .
It is noted that from now on we denote the shear stress distribution at the end of the loading step at T = T h as τ 0 (x, y). We now unload the structure, so the axial force F m along the spring axis falls to zero. The temperature will then be decreased to T = T l (path b -c ). During this part of the cycle, δ is kept constant at δ = δ max . To solve equations (17) during cooling (k 1 = 1, k 2 = 0), we take the derivative of (17b) which yieldṡ
As in the cooling process the spring is kept fixed,γ vanishes. Thus, the solution of (30) gives the following relation:
From (31) it is concluded that the distribution of the shear stress only changes by temperature. Therefore, the stress is only scaled by a temperature dependent factor while the eccentricity e keeps its previous value. Thus, in view of (17) we obtain
In the next step, we increase the temperature up to T = T h while the axial force and twisting moment vanish (F m = 0, M t = 0). During the heating process (path d -a , k 1 = 0, k 2 = 1), solving (17c) we obtain the stored strain γ is as follows:
We use a method similar to that carried out in the loading process to solve (27) and (28) and find values of the eccentricity e as well as the free end displacement δ for the unloading case.
Remark. In order to give a better approximation of temperature, transient heat transfer analysis of the structure should be performed. Considering only the time dependence of the temperature, the lumped heat transfer equation is expressed as
where ρ denotes the density, C p is the specific heat capacity and h represents the heat convection coefficient of air. A and V stand for the total area and volume of the structure, while the ambient and initial temperature are represented by T ∞ and T 0 , respectively. Solution of (34) leads to the following relation for the time dependent temperature field:
Although the constitutive model derived in section 2 does not involve time dependent behavior of the material, the temperature-rate dependent response of the material can be considered through the heat transfer analysis.
Finite element simulation of SMP helical springs
In order to have a 3D finite element solution, we use a numerical integration scheme in an implicit form and solve the non-linear system of equations (13) and (14) . For discussions on the numerical solution, we refer to [13, 14, 21] . For analysis of SMP helical springs via the finite element method, the 3D constitutive equations derived in section 2 are implemented within a user-defined subroutine (UMAT) in the non-linear finite element software ABAQUS/Standard to simulate SMP structures using solid elements. Details of the implementation of the constitutive model in a displacement-based finite element formulation are given in [13, 14] , where the model has been validated with the experimental data through several examples.
Moreover, the domain of the temperature field will be solved using the finite element method by software ABAQUS/Standard. Therefore, the heat transfer and structural analysis are performed incrementally (but not in a coupled solution method).
Results and discussion
In the following, the torsion of a cylindrical tube and also the responses of helical (both extension and compression) springs are investigated. The results of the analytical formulation will then be compared with the results of the finite element simulation.
The initial configuration and mesh of the cylindrical tube as well as the helical extension and compression springs Table 1 . Geometrical values of the cylindrical tube (CT), extension helical spring (EHS) and compression helical spring (CHE).
Parameter
Value (units)
are shown in figure 4 . The cylindrical tube has a length of 200 mm, an inner radius of R i = 8 mm and an outer radius of R o = 10 mm. In the helical springs, the mean coil radius is R m = 20 mm and the cross section radius is R = 6 mm. All the geometrical parameters are reported in table 1. Moreover, the helix angle in the helical extension spring is 6.22 • while in the helical compression spring it is 15 • . The material parameters used in this simulation (reported in table 2) were adopted by Baghani et al [14] for the experiments reported in [22] .
Torsion of the prismatic bar of circular cross section
In the following, the stress-free strain recovery of an SMP cylindrical tube (through path a -b -c -d -a shown in figure 1 ) will be simulated. The cylindrical tube shown in figure 4 is fixed at one end while the other end is twisted. In figure 5 , the analytical temperature-time response of the cylindrical tube at different thermal conditions is plotted. As one may expect, at the low rate history I ( figure 5(a) ) the tube is nearly in thermal equilibrium. Therefore, the difference between T ∞ and T is almost negligible. Meanwhile, at the high rate history II ( figure 5(b) ) the tube does not have enough time to reach T ∞ , thus there is a gap between T ∞ and T.
In figure 6 , the shear stress (at T l ) in a temporary shape of the cylindrical tube is shown while the applied twist angle at T h is θ 0 = 180 • with temperature history I. As demonstrated in figure 6 , there is a good correspondence between the analytical and finite element solutions.
In figure 7 , the von-Mises stress and maximum logarithmic principal strain in the temporary shape of the cylindrical tube prior to unloading are depicted while the applied twist angle is θ 0 = 180 • and temperature history I is used. In order to find the moment applied to the SMP tube and also the shear stress in a complete cycle of the stress-free strain recovery, the shear stress (at outer radius)-displacement-temperature diagram and also moment-displacement-temperature diagram have been plotted for different θ 0 s of 90 • , 135 • and 180 • (figure 8). In contrast to traditional tension-compression experiments that Table 2 . The material parameters adopted by Baghani et al [14] .
Material parameters
Values Units
(1 show a significant change for the stress in the cooling process, in the torsion the shear stresses do not change that much. This is due to the fact that thermal strains (which are the main cause of change of stresses) do not contribute in the torsion of the SMP cylindrical tube.
Helical extension and compression springs under axial loads
In the following examples, we simulate the stress-free strain recovery (through path a -b -c -d -a shown in figure 1 ) of SMP springs. In figure 9 , analytical temperature responses of the springs are shown at different temperature rates. As one can see, at the low rate history III ( figure 9(a) ) the structure is almost in thermal equilibrium. Consequently, the difference between T ∞ and T is approximately negligible, while at the high rate history IV ( figure 9(b) ) the springs do not have enough time to reach T ∞ , thus there is a significant gap between T ∞ and T.
In figure 10 , the state of the shear stress prior to cooling (at T h ) and also in the temporary shape of the compression spring (at T l ) is depicted while the applied displacement at T h is δ 0 = 50 mm with the temperature history III. As one can see, there is a good correspondence between the analytical solution and the results calculated by the finite element method. The value of eccentricity e in the analytical Figure 11 . von-Mises stress in kPa for the helical extension spring: (a) in the permanent stress-free configuration; (b) at the end of the loading process at T = T h ; (c) after the cooling process and unloading at T = T l (temporary shape); (d) after heating and shape recovery. von-Mises stress for the helical compression spring: (e) in the permanent stress-free configuration; (f) at the end of the loading process at T = T h ; (g) after the cooling process and unloading at T = T l (temporary shape); (h) after heating and shape recovery. solution is 0.48 mm. Although this value is pretty small in comparison to the cross section radius, it has a significant influence on the distribution of shear stress in the cross section of the spring. For instance, the amount of shear stress at point q (figure 3) in the external face of the spring is 97 kPa, while the shear stress at point q in the internal face is 211 kPa in the analytical solution. As illustrated in figure 10 , the maximum shear stress occurs at point q in the internal face of the spring. Analytical solution gives a value of 211 kPa while the finite element solution yields a value of 213 kPa in the temporary shape.
In figure 11 , the von-Mises stress is shown for the helical extension and compression springs during a full cycle of the stress-free strain recovery. If we apply a displacement δ 0 = 50 mm along the axis of the spring to the free end of the helical extension spring (correspondingly, δ 0 = −50 mm to the helical compression spring), the final heights of both springs will be about 118.5 mm as displayed in figures 11(c) and (g), respectively. As one may see, both springs after cooling and unloading (figure 11(c) for the extension spring and figure 11(g) for the compression spring) experience approximately similar temporary shapes, while if we increase the temperature, each one would remember its original configuration and would return to a stress-free state as illustrated in figures 11(d) and (h). Moreover, after heating and shape recovery, there will be some residual stresses in the springs; however, as observed in figures 11(d) and (h), these stresses are negligible (about 0.5%) in comparison with the stresses in the loading step. In figure 12 , we investigate the effect of temperature-rate on the stress-free strain recovery of the helical compression spring. As reported in [22] , in torsion of rectangular bars, experimental results show a shift in the temperature span of angle recovery. A similar phenomenon has also been observed in the traditional 1D compression-tension experiments reported in [23, 24] . They justified this effect by defining a linear temperature-rate dependent glassy temperature in the form of T g = m 1Ṫ + m 2 and did not perform heat transfer analysis of the structure (in fact, they assumed the structure as a material point with temperature equal to the ambient temperature). As illustrated in figure 12 , although we took the glassy temperature as a constant the results are capable of capturing this shift qualitatively. There is a delicate difference between the approach assuming a temperature-rate dependent T g and the approach performing heat transfer analysis. The first approach assumes that the observed shift in the response of a structure is a consequence of a phenomenon related to material behavior (constitutive model level), while the second one assumes the material behavior to be independent of temperature rate and the observation is related to the structural behavior through performing a heat transfer analysis.
Summary and conclusions
In this paper, an analytical solution was presented for the torsion of SMP tubes with circular cross sections. We reduced the 3D phenomenological macroscopic constitutive model presented in [13, 14] to a 1D (shear) case and arrived at an explicit expression for the shear stress in SMP cylindrical tubes under torsional loadings. Moreover, the analytical solution was applied to the analysis of SMP helical springs under axial loadings. To capture a more accurate response, curvature effects were also added to the formulation. It was shown that this modification affects the results significantly, especially in cases in which the spring index is large while the helix angle is small. SMP cylindrical tubes and helical springs were also analyzed using 3D finite element simulations. The results of the 1D analytical and 3D finite element solutions were compared to validate the assumptions made in the analytical solutions. Moreover, it was observed that the solution time for the analytical method is much less than the computational time for the finite element simulations (about 1%). Consequently, the proposed analytical solution can be used as an efficient tool for studying the effects of changing any of the material or geometrical parameters on smart structures consisting of SMP springs for their design and optimization which require a large number of simulations.
